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Sunrnwrv 

The  energy  scattered  when  a sound  wave  passes  through  turbulent 
fluid  flow  Is  studied  by  means  of  the  author' s general  theory  of  sound 
generated  oerodynomioally.  The  emr^  scattered  per  unit  time  from  unit 
volume  of  turbulenoe  is  estimated  (§3;  ^ 

I . 


where JL  is  the  intensity  and  A the  wavelength  of  the  incident  sound, 
and  vp  is  the  mean  square  velocity  and  Lj  the  nooro "Scale  of  the 
turbulenoe  in  the  direction  of  the  incident  sound.  This  formula  does 
not  assume  any  partioular  kind  of  turbulenoe,  but  does  assume  that 
A/Ll  is  less  than  about  1 . For  turbulenoe  which  is  isotropic  and 
honogensous  the  energy  scattered,  and  its  directional  distribution,  are 
obtained  for  orbitrary  values  of  It  is  predicted  that  con^)onents 

of  tto  turbulenoe  with  wave -number  k will  scatter  sound  of  wave -number 
at  an  angle  2 sin~*(l/2 ).  The  statistics  of  multiple  successive 
scatterings  is  considered  (S4),  and  it  is  predicted  that  sound  of  wavelength 
less  than  the  mioro-scale  of  the  turbulenoe  will  beooms  uniform  (i.e,  quite 
randffl)  in  its  directional  distribution  in  a distance  approximately 
. 

The  theory  is  extended  (§5)  to  the  case  of  an  incident  acoustic 
pulse.  However  this  extended  theory  cannot  bo  applied  directly  to  the 
case  of  a shook  wave,  for  whloh  it  would  predict  infinite  scattered  energy. 
This  is  due  to  the  perfect  resonance  between  suooossive  rays  omitted 
forwards  whioh  would  occur  if  the  shook  wave  wore  propagated  at  the  speed 
of  sound.  By  taking  into  account  (§6)  the  true  speed  of  the  shook  wave 
(subsonio  relative  to  the  fluid  behind  it),  the  theory  is  improved  to  giTO 
a finite  value,  0.8s  times  the  kinetic  energy  of  the  turbulenoe  traversed 
by  a weak  shook  of  strength  s,  for  the  total  energy  soattorod.  Hwevor 
the  greater  part  of  this  onorcy  oatohes  up  with  the  shook  wave,  and 
probably  is  mostly  re-absorbed  by  it,  and  only  the  remainder  (tabulated  os 
a function  of  s in  Table  I)  is  freely  scattered,  behind  the  shook 
as  sound.  The  energy  thus  freely  soattorod  when  turbulenoe  is  o<wnwotod 
ths  stationary  shook  wave  pattern  in  a supersonic  Jet  moy  form 
an  isiportsnt  part  ^ the  sound  field  of  the  Jet. 


'A.1*  HEPCRT 


1. 


Introduotlon 


- 2 - 


The  two  main  typos  of  oBolllatory  disturbance  In  fluids  are  sound 
(dilatational)  and  turbulence  (rotational).  Sound  Is  propagated;  turbulence 
is  not;  both  the  sound  pressures  and  the  turbulent  vortex  linos  arc  oonvoctod  and 
diffused.  Infinitesimal  dilatational  and  zotatlonal  disturbances  to  a 
uniform  mass  of  fluid  at  rest  would  not  interact,  as  Is  well  known.  Hcmevor 
tetwoen  real  sound  and  turbulence  there  Is  a non-linear  coupling. 


One  aspect  of  this  coupling  Is  that,  when  sound  waves  pass  through 
a given  volume  of  turbulence,  some  sound  is  radiated  from  It  at  an  angle  to 
the  Incident  wave;  In  other  words  It  Is  scattered.  In  the  present  paper  a 
theory  of  this  scattered  sound  Is  deduced  from  the  author's  general  theoxy 
(lighthill  1952)  of  sound  generated  aerodynamioally. 


The  subject  has  received  some  attention  in  Russia,  and  Blokhlntzev 
(1945 1 1946)  ap^ars  to  have  given  a detailed  theory.  However  the  assumptions 
in  this  theory  are  not  made  clear  in  the  papers  available  to  the  present  author. 
In  Britain  Ellison  (1951)  PA'vo  an  account  of  scattering  by  a medium  with 
random  va^riations  in  refractive  index,  and  his  theory  could  probably  be 
modified  to  deal  with  scattering  by  turbulence.  It  confines  its  attentions, 
however,  to  the  distribution  of  intensity  along  the  wave  fronts  of  plane 
waves  passingthrough  homogeneous  turbulence.  In  the  present  paper  the 
turbulence  is  not  assumed  homogeneous,  and  the  scattered  sound  emerging  in 
a given  direction  from  a given  port  of  the  turbulence  is  isolated*  The  theory 
is  therefore  particularly  suitable  for  dealing  with  the  effect  of  a limited 
region  of  intense  turbulence. 

The  scattering  of  sound  due  to  the  fluctuating  velocities  of 
turbulence  bears  an  obvious  analogy  to  the  scattering  of  light  duo  to 
fluctuating  number  density  of  piolarizable  molecules.  It  is  shown  in  b2 
that  the  analogy  is  even  stronger  than  at  first  appears,  since  the 
quadrupoles,  to  which  on  the  Lighthill  (1952)  theory  the  turbulence  is 
acoustically  equivalent,  are  in  fact  portly  polarized  by  the  incident  wave. 


The  radiation  field  of  those  quadrupoles  which  are  polarized  is 
calculated  in  §3,  and  its  mean  square  is  taken  to  find  the  corresponding 
intensity  field,  which  is  shown  to  be  that  of  the  scattered  sound.  Since 
the  mean  has  to  be  taken  with  respect  to  the  fluctuations  te  the  turbulence 
(as  well  as  the  more  rapid  fluctuations  in  the  sound  waves),  a fair  tin» 
may  be  needed  for  the  mean  to  bo  achieved;  in  the  language  of  the  acoustics, 
"fading"  may  be  observed.  However  if  the  intensity  resulting  from 
scattering  by  a volume  of  turbulence  large  compared  with  the  individual 
eddies  is  measured,  the  mean  or  something  near  it  may  well  be  realise  at 
aiy  instant,  because  largo  groups  of  the  eddies  traversed  may  have  effectively 
identical  statistical  properties. 


It  is  shown  in  §2  that  the  field  of  the  polarized  quadrupoles  is 
anoorrelated  with  the  other  sound  fields  which  ore  present,  wMoh  that 

the  calculated  intensity  distribution  can  bo  added  to  theirs  to  obtain  the 
total  Intensity  field.  Per  sees  time  the  author  believed  that  an  argument 
along  these  lines  could  bo  used  to  prove  that  the  scattered  energy  was 
oxSoted  from  the  turbulence  itself ; ho  is  grato^l  te  to. 
for  refusing  to  believe  this  sufflolontly  pertinaciously  for  the 
find  the  flaw  in  his  argument.  Some  of  this  work  on  energy  relatiOTShips 
is  indicated  in  the  Appei»lix,  which  shows  hov»  the  indent  wave  is  in  fart 
attenuated  by  an  amount  comparable  with  the  energy  soattorod.  Tto 
would  still  ^ss  that  sons  of  the  energy  of  turbulence  ^ bo  rtduood  by 
the  passaga  through  it  of  ultrasonics,  but  the 

to  bo  that  by  far  the  bulk  of  the  energy  of  tho  soattored  sound  is  extracted 
as  in  other  scattering  phonoiaena,  from  the  incident  wave. 

W 
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As  the  frequency  of  the  incident  sound  wave  increases  the  total 
scattered  energy  increases  but  the  angle  at  which  it  is  scattered  decreases. 
In  consequence  the  distance  in  which  the  direction  of  a plane  wave  becomes 
praotioeilly  random  (§4)  varies  much  loss  with  frequency. 


When  the  theory  is  extended  (§5)  from  the  case  of  steady  incident 
soundwaves  to  that  of  on  incident  acoustic  pulse,  the  scattered  sound  field 
is  deduced  in  terms  of  the  spectrum  of  the  total  energy  of  the  pulse  (instead 
of  the  intensity  spectrum  of  the  wave).  The  quantity  which  is  deduced  is 
then  the  total  scattered  energy  (and  its  directional  distribution),  as 
opposed  to  the  time  rate  of  scattering  of  energy.  But,  as  v/ith  the  steady 
sound  wave,  this  quantity  is  correct  only  as  a moon,  although  no  longer  a 
meein  with  respect  to  time.  Rather  it  is  a "stochastic''  mean,,  or  mean 
over  a number  of  experiments.  For  each  eddy  reacts  to  the  incident  pulse 
in  a manner  depending  on  its  state  at  the  instant  when  the'  pulse  traverses 
it.  However,  as  before,  tho  mean  may  bo  more  closely  achieved  in  one 
experiment  if  largo  numbers  of  similar  eddies  are  traversed. 


Once  more  tho  scattered  energy  is  found  to  increase  rapidly  with 
the  frequency  of  tho  pulse,  and  indeed,  in  tho  extreme  case  when  there  are 
discontinuities  in  pressure  in  the  pulse,  the  theory  gives  a non-intcgrable 
directional  distribution  of  scattered  ener£y,  so  that  the  total  scattered 
energy  is  infinite.  This  impossible  result  is  due  to  an  oversimplification 
in  the  theory,  namely  that  the  speed  of  a pressure  discontinuity  (shook  wave) 
has  been  taken  to  be  exactly  that  of  sound.  If  this  were  so  then  pulses 
emitted  forwards  as  the  incident  (perfectly  sharp)  pulse  passes  over  them 
would  be  perfectly  super inposed,  and  this  correwponds  to  the  infinity  in 
the  directional  energy  distribution  at  the  direction  of  the  incident  pulse. 


In  §6  it  is  shown  that  when  the  departure  of  the  speed  of  a real 
shook  wave  from  that  of  sound  is  taken  into  account , this  perfect  resonance 
disappears,  and  a finite  value  for  the  scattered  energy  emerges.  All  that 
is  left  of  the  infinity  is  that  the  energy  which  is  scattered  by  the  shook  is 
proportional  to  the  first  power  of  the  amplitude,  for  weak  shocks,  instead  of 
to  the  square  (as  it  is  for  continuous  pulses).  In  fact  for  a weak  shook  of 
strength  Ap/p  = s,  the  energy  is  predicted  to  be  a fraction  0.8s  of  the 
total  kinetic  energy  of  the  turbulence  traversed  by  the  shook. 


However  a large  part  of  tho  scattered  energy  is  probably  absorbed 
by  the  shook  wave  itself  and  goes  towards  restoring,  in  pxart,  its  strength. 
This  is  because  tho  shock  wave  speed  is  subsonic  relative  to  the  fluid 
h^h^n.^  it,  80  that  sound  emitted  forward  at  a small  enough  angle  (and  there 
Is  a strong  preference  for  forward  emission)  must  run  into  the  shook. 

It  cannot  be  transmitted,  because  the  shook  is  supersonic  relative  to  the 
fluid  ahead  of  it.  Doubtless  sot»  is  reflected,  but  there  is  ovidonco 
(Llrhthlll  1949,  1990)  that  reflection  ooeffioitfits  of  shocks  tend  very 
rapiSTto  zero  with  their  strength.**  So  it  is  likely  that  much  is  absorbed. 

ths  assunptlon  that  all  is  absorbed,  we  are  left  (S6)j»ith 
an  expression  for  the  sound  energy  which  is 
hitting  ths  shook  again.  This  e^qi*wssion  should  be  of  ^ue 
how  sound  is  produoed  in  a supersonic  Jot  as  a result  of  tiarbulenoe 
passing  ttrough  ths  stationary  shook  wares  in  the  Jet. 

2./ 


» T.4pfc«>4ll  (1950)  ehows  this  for  wares  oatohing  up  ^ 

It  1»  lltoly  that  the  sane  is  true  for  wares  oblique  to  ^ ” *** 

discussion  of  the  stationaxy  oase  (Ll^thill  191^9  7 already  indloatoa. 
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2.  Desorlptlon  and  Justif  loatlon  of  the  Apcroaoh  used. 

Let  VI  be  tho  velocity  field  (a  function  of  space  and  tine) 
of  a turbulent  flow.  Similarly  let  Vi  bo  the  veloolty  field  of  a 
sound  wave  Incident  upon  It.  Tho  magnitudes  of  vi  and  Vi  are  supposed 
to  remain  small  ooiq)ared  with  the  speed  of  sound  a. 

Then  as  a first  approximation  (from  whloh  the  scattered  sound  will 
be  derived  as  a second  approximation)  tho  combined  velocity  field  will  be 
taken  to  be  Vi  Vi;  so  that  tho  fields  are  made  to  combine  linearly  as 
they  would  for  Infinitesimal  dlsturbanoes.  The  value  of  this  assumption  aa 
a first  approximation  is  examined  critically  later  In  this  sootion. 

Now  the  basic  oonoluslon  of  Lighthill  (l952)  was  that  in  any  gas 
flow,  with  velocity  field  Vi,  the  variations  of  density  ore  governed  by 
the  equations  of  sound  with  a right-hand  side  whloh  corresponds  pliysloally 
to  a volunn  distribution  of  quodrupoles.  Further,  if  tonperature  variations 
are  small  (this  point  also  is  rooonsidered  below),  and  the  magnitude  of  Vi 
is  small  oonpared  with  a,  then  a good  approximation  to  tho  quadrupole 
strength  is  PoViVj  per  unit  volume,  whore  po  is  the  density  on  tho 
undisturbed  state. 

Hence  in  the  present  problem  a first  approximation  to  the 
instantaneous  quadrupole  strength  p>er  unit  volume  is 

Po(^l  + = Po'^i'^d  ♦ Po^i^J  ^ PoCn^d  + vjVi).  ..,(1) 

Thus,  to  obtain  a second  approximation  to  the  density  field,  we  cust  add  up 
those  due  to  the  incident  sound  wave  and  to  the  quadrupole  distribution  (1). 

The  three  parts  into  which  this  distribution  has  been  divided  on 
the  right-hand  side  of  (l)  represent,  respectively, 

(l)  tho  quadrupoles  responsible  for  the  sound  already  generated  by  tbs 
turbulence  in  tho  absonoe  of  the  incident  v/ave; 

( il)  those  responsible  for  self -modifications  of  wave  form  in  the 
incident  wave  due  to  its  finite  amplitude; 

(ill)  those  responsible  for  the  sound  generated  by  the  interaction  of 
the  turbulenoo  and  tho  incident  wave.  These  last,  of  strength 
Po(vjVj  + VjVj^)  per  unit  volume,  may  be  called  the  scattering  aundrupoles. 

Note  that  each  scattering  quadrupole  has  of  its  eras  ^ ^ 
direction  of  the  inoidont  wave  V^.  Thus,  os  foreshadowed  in  Si,  it  is  in 
this  sense  polarised  by  the  inoidont  wave. 

Prom  the  point  of  view  of  the  physical  oonolusion  (Li^thill  1952, 
§2)  that  a^rr*y"i««<n  generation  of  sound  is  due  to  fluctuations  In  the  flow 
of  moamntum  across  fixed  surf  sees,  ths  scattered  sound  is  seM  Jp  ^ 
iroduoed  by  tho  momentum  of  tho  turbulenoo  being  shaken  to  and  fro  by  the 
inoidont  sound  wave , and  vioo  versa. 

Now  if  tho  turbulent  velocity  field  con  be  split  up  into  a mean 
velooity  field  Wi  and  a fluctuating  field  v^'  with 
ths  Mattering  qiuadrupoles  can  be  ootrespondingly  split.  Ths  pert 


Po(Vj  ♦ Vi^ 


...(2) 


yields  a field  is  oosrslated  with  the  inoidont  wave,  and  toasttsr 

Sisy  oonstitttts  tho  mve  ss  reftnotsd  ty  the  fte!» 
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On  the  othsr  hand  the  turbulent  velooltles  vi*  yield  a field  of 
•oattoring  quadrupoles 

quite  unoorrelated  with  the  incident  wave.  For  firstly  their  mean  is  zero 
because  that  of  v^'  is  zero  and  v^*  and  Vj  are  statistically  unrelated. 

Hence  the  covariance  of  (3)  with  Vjj,  i.o.,  tnoir  mean  product  of  their 
deviations  from  the  mean,  is  zero,  by  a repetition  of  the  same  argument. 

Similarly  the  quadrupoles  (3)  are  unoorrelated  with  all  the  other  quadrupole 
fields  which  are  present.  But  sound  fields  which  are  uncorrelated  (or,  in 
the  old  Rayleigh  terminology,  unrelated  In  phase)  have  the  well-known 
property  that  their  intensities  oon  be  added  to  give  the  intensity  of  the 
oombined  field. 

It  follows  that  the  intensity  field  of  the  quadrupoles  (3)i  if  it 
can  be  evaluated,  forms  a genuine  addition  to  the  other  sound  fields  whioh 
ere  {resent,  and  may  bo  described  briefly  as  the  scattered  energy.  However 
one  oannot  conclude  that  the  incident  wave  passes  through  the  turbulence  ^altex^d, 
oven  if  there  is  no  mean  flow  to  refract  it,  because,  as  is  shown  in  the 
Appendix,  a coirelation  whioh  exists  between  the  incident  wave  and  a second 
approximation  to  the  scattering  quadrupoles  accounts  for  a rate  of  energy 
loss  in  the  incident  wave  comparable  with  the  rate  at  whioh  energy  is 
scattered. 


Of  course  in  so  far  as  the  incident  wave  is  modified  as  it  passes 
through  the  fluid,  whether  as  a result  of  refraction  by  tho  moon  flow, 
attenuation  by  the  turbulence,  or  ordinary  attenuation,  it  is  the  modified 
value  of  Vi  whioh  should  bo  used  in  the  scattering  quadrupoles  and  in 
expressions  which  will  be  deduced  for  the  scattered  energy.  This  is  the 
main  limitation  on  the  use  of  Vi  + V^  as  a first  approximation.  On  the 
other  hand  it  is  shown  in  the  Appendix  that  changes  in  Vi  due  to  the 
variable  phase  shifts  whioh  result  from  convection  of  sound  by  the 
turbulent  flow  can  affect  tho  scattered  energy  only  negligibly. 

Another  source  of  attenuation  is  temperature  variations,  if  they 
are  present.  To  see  how  they  fit  into  the  present  approach,  note  that 
the  quadrupole  distribution  (Lighthill  1952)  resulting  from  variations  in 
the  variables  of  state  is 


[(p  - Po)  - 4(P  - Po)]6iJ  i --(®  “ ®o)5lJ  . 

' Cv 


...  (A-) 


where  p P.  s sro  pressure,  density  and  spooifio  entropy  and  suffix  zero 
psfors  to  the  undisturbed  state.  This  shows  inoidontolly  that  ttose 
Idnetlo  temperature  variations  whioh  result  from  tho  (noarly^^iabatio;^^ 
^»aure  fluctuations  in  the  turbulence  can  bo  neglected.  It  -is  v^iations 
rf  specif io  entropy,  rather  than  temperature,  that  pi^ce 

scatter ina  (the  two  being  proportional  only  if  kinetic  toniperaturo  vwiations 
are  negligible),  or  in  other  wortls  it  is  temperature 

IndspendMtly  of  the  turbulence  (although  their  subsequent  distribution  may 
have  been  influenced  by  turbulent  convection). 

NOW  the  quadrupoles  (i^)  are  oerreUted  with  Vt  ««d  wito  ^ 

(•!<»•  OOTSitlon.  for  . of  fl«14 

szw  nearly  adiabatio) 


8s  ^ 3* 

- (V£  ♦ ♦ ▼1)"—  I 

0t  8*i 


...(5) 


idwre/ 


where  da/dx^  changes  only  slcwlywith  time.  Hov/ever,  since  Vi  + vi  + vi 
has  sero  correlation  with  the  quadrupoles  (3),  one  may  infer  that  the  effect 
of  the  entropy  variations  in  scattering  and  attenuating  the  sound  does  not 
substantially  modify  the  scattering  due  to  the  turbulent  volooities. 

Finally  it  should  be  notod  that  the  scattered  energy  may  in  tuim 
scatter  more  energy.  Although  this  would  be  a small  offoot  for  moderate 
volumes  of  turbulence,  it  will  appear  in  that  for  high  firequenoy  sounds 

in  large  regions  of  turbulent  flow  it  may  on  important  factor  in  producing 
large  changes  of  direction  in  the  waves. 

3»  Spattering  of  a Plano  Harmonic  Incident  Wave 

If  results  for  a plane  incident  wave  aro  worked  out,  then  they  can 
be  applied  to  any  incident  wave  which  is  approximately  plane  over  distances 
of  the  order  of  those  eddy-sizes  which  bear  most  of  the  turbulent  energy. 

For  the  scattering  quadrupole  strength  (3)  at  two  points  at  ary  greater 
distance  apart  ai^  uncorrelated,  and  therefore  the  corresponding  intensity 
fields  can  simply  be  added.  Further,  if  results  for  a harmonie  incident 
wave  are  worked  out  then  those  for  an  arbitrary  steady  incident  wave  can 
be  deduced  if  its  intensity  spectrum  is  known,  as  will  be  seen  at  the  end 
of  this  section. 


Consider  then  the  plane  harmonic  incident  wave  given  by 

Vi  s €a  008  - at)]6ii  . ...(6) 

Its  direction  of  travel  is  the  direction.  Its  frequency  is  ko/Zx, 
but  it  is  found  preferable  to  work  rather  with  the  radian  wave -number  k , 
because  the  most  convenient  analysis  of  tho  turbulence  is  with  respect  to 
suoh  a wave-number,  and  because  the  effectiveness  of  a component  of  the 
turbulence  in  scattering  tho  sound  will  be  found  to  depend  on  the  ratio  of 
their  wave-numbers.  Tto  intensity  of  the  sound  wave  (6)  is 

I = • •••(?) 

Now  the  strength  per  unit  volume,  (3),  of  the  scattering 
quadrupoles  duo  to  tho  fluctuating  turbule^  velocities  v}^,  beocoos 

pj,ea  oos  - at)](vi6ji  + • ...(8) 

The  radiation  field  (Lighthill  1932}  of  a quadrupolc  distribution  per 

unit  voluns  is  given  by 


P - Po  K, 


3®  / 

at"  vr 


see 


(9) 


the  integral  being  token  over  the  wholo  field  of  quadrupoles.  (x  signifies 
the  magnitude  of  the  vector  x.) 

Now  the  form  of  (9),  with  T^j  given  by  (8),  will  bo  simplified 
by  the  assun^tion  that  typical  frequencies  of  v^  at  a point  are  small 
compared  with  the  frequency  ko/Zk  of  the  incident  wave  (4),  so  that  the 
differentiations  need  only  be  applied  to  the  cosine  term.  Notice  that  if 
this  assumption  were  false  then  the  wavelength  Zif/ k of  the  sound  would 
greatly  exceed  the  sice  of  the  eddies  (because  this  is  oonqparable  to  their 
root  mean  square  velocity  divided  by  a typical  frequency,  which  is  very 
small  conqmred  with  the  velocity  of  sound  divided  by  tho  frequency  of  the 
sound,  1.0.,  2n/it,  if  the  frequencies  are  cooporable).  But  one  would 
expect  eddies  smell  coopered  with  the  wavwleng^  not  to  affect  the  sound 
propagation  appreoiahly,  and  indeed  this  expe^ation  is  given  quantitative 
support  below. 


Uoklnf^ 
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llajdng  the  aaeunptlon  deeorlbod,  (8)  ani  (9)  give 
p - - -2 — I 008  + I X - jr,|  - at)]vi(^,t  - 'r,— ,.(10) 

2wi  X V a / 

The  Intensity  of  the  scattered  energy,  Ig,  token  as  a mean  over  tines 
oheraoterlstlo  of  the  turbulent  fluctuations  as  described  in  gi , is  deduced 
as  a*/pQ  times  the  mean  square  of  (10),  namely  as 


Is 


Po»*'^a 


008  [«<yj^  + (i  ' t'KZi  + I i " JE-I  " 


V 


...(11) 


In  the  integrand  of  (il)  the  mean  values  of  the  products  of  cosines  and  of 
turbulent  velocities  can  be  taken  sejjorately  because  the  fluctuations  of  the 
two  are  statistically  Independent. 

The  mean  product  of  cosines  in  ( 1 1 ) is  equal  to 

i eos  [«(yj^  " ♦ |i  ” y|  " |i5  ■’  i I » ••.(12) 

aid  this  oan  be  simplified  when  x is  large  compared  with  I y - £.1  » 
as  it  is  in  the  radiation  field,  to  give 


•j  008  [k. I where  kj^ 


*)• 


...(13) 


Here  k is  the  so-called  scattering  vector,  whose  direction  bisects  that 
of  the  incident  wave  reversed  and  that  of  the  p>oint  x where  the  intensity 
is  to  be  determined. 

The  mean  product  of  velocity  deviations  in  (ll),  or  "oovarianoo’ 

(of  which  a oorrelation  coefficient  is  a non-dimensional  form)  is  negligible 
if  y and  z are  points  which  have  no  eddy  in  common  containing  a significant 
part  of  the  turbulent  energy.  But  when  they  have  such  an  eddy  in  oo^n, 
the  difference  between  the  tines  at  which  those  two  velocities  in  U1)  ^ 
taken  must  be  negligible,  because  the  ratio  of  a typical  eddy  dioroter  to 
a time  significant  in  the  turbulent  fluctuations  is  much  smaller  than  the 
velocity  of  if  the  Mach  number  of  the  turbulence  is  low.  As  a result 

one  oan  rewrite  the  covariance  as  a simultaneous  oovorianro,  and  oeMe  to 
dismay  the  time  explicitly,  remembering  always  that  the  time  at  which  it  is 
supposed  to  bo  evaluated  is  the  time  of  emission  of  the  soattsred  energy. 

Equation  (ll),  with  the  simplifications  which  been  discussed, 
and  substituting  also  for  e in  terms  of  the  intensity  (7)  of  the 
inoldeiit  wave,  bsoomss 


...(lU 


whsrs 


Iy(k)  - ^ fj OOB  (l- • •••(^5) 

Hos/ 


I 
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Now  the  quantity  ?ij(^ , in  terms  of  which  the  intensity  of 
scattered  sound  has  boon  exp’essed,  can  be  interpreted  as  the  eicotrum.  wil 
respect  to  tho  vector  wave -number  k,  of  the  single  volume  integral 

fvi(j^)v*j{2)dx_  , ...(16) 


taken  over  tho  whole  turbulent  flow.  (in  partioulor,  ,is  tho 

spectrum  of  the  total  kinetic  energy  of  the  turbulent  field, ; xo  see  this, 
note  that  by  Fourier's  integral  theorem  tho  integral  of  Fy(^  over  the  wltole 
of  Jj^-spaoe  gives  (l6).  Also  is  evidently  small  wnen  k is  either 

large  or  small  compared  with  the  wave-numbors  of  the  energy-bearing  eddies, 
respectively  by  the  Riemonnr^bosgue  theorem  and  because  for  small  k it 
becomes  more  and  more  nearly  proportional  to  the  variance  of  the  total  momentum 
of  the  turbulence,  which  is  zero. 

It  follows  therefore  from  that  the  scattered  Intensity  is  large 
only  at  points  whore  the  "scattering  vector"  X.  is  oonporable  in  magnitude 
with  tho  size  of  the  energy-bearing  eddies.  Since  by  (13)  its  magnitude  is 


2k  sin  , 


...(17) 


where  6 is  the  direction  of  the  point 
incident  T<ave,  v/e  con  conclude 


relative  to  the  direction  of  the 


(i)  that  if  2k  Is  less  than  tho  v;avo -numbers  of  the  main  energy-bearing 
eddies  there  is  relatively  little  scattered  sound;  this  arises  from  tho  biggest 
eddies  only  and  its  directional  maximum  is  at  9 s % (opposite  to  tho 
direction  of  the  Incident  wave); 

(ii)  that  if  k is  of  the  same  order  of  magnitude  as  the  wave-numbers 
of  the  main  energy-bearing  eddies,  there  is  a fairly  even  directional 
distribution  of  the  scattered  sound,  exoept  for  a marked  falling  off  in  a - 

cone  near  0 = 0,  wherein  the  k given  by  (l7)  falls  below  tho  >vave-numbers  of  the 
energy-bearing  eddies"; 

(iii)  that  if  »c  is  greater  than  those  wave-numbers,  then  the  bulk  of 
the  scattered  sound  is  threnvn  fonvard  in  a cone  with  9 small  (although 
with  an  interior  cone,  in  which  9 is  nuoh  ssiallcr,  still  excluded) ; the 
restriction  on  tho  direction  to  a solid  angle  of  order  'k  for  largo  k 
then  reduces  the  rate  at  which  tho  total  scattered  energy  increases  with 
K from  K*  as  in  (lit.)  to  (c*. 

One  can  obtain  quite  a slsiplo  expression  for  the  total  scattered 
energy  in  this  last  case  of  very  high  frequency  sound,  for  which  the  energy 
scattered  is  greatest.  For  the  total  energy  scattered  per  unit  time  is  tho 
integral  of  (li».)  over  a large  sphere  with  centre  * 0.  Now  by  (13) 
ia  the  SOBS  as  xV«*  times  the  integral  over  a largo  sphere  in 
Jc-speoe  with  centre  (-«,  0,  0)  and  radius  k.  Thus  the  scattered  power  is 


P.  . ♦ aj  p„(i)as (18) 

over  such  a sphere.  But,  in  cases  whore  is  fjf ?S^3Sre 

k/  K Is  snail,  tho  integral  need  bo  taken  oflly  over  tho  part  of  the  sphere 

where/ 


»•  Note  also  that  in  all  oases  a mlniwun  In  scattered  oiwgy  at  t^  dlwtion 
90*  wwld  bo  «pooted,  slnoo  on  tho  approximations  which  hove  led  to  (IW 
1.  . 0 when  x.  » 0,  l.e.,whon  e . 90  . 


where  thle  le  so,  and  this  part  (see  Flg.l)  is  approxljaately  the  port  of  the 
plane  ■ 0 in  whioh  ?ij(k)  is  signifioant.  Proa  this,  approxiaating 
also  ths  ooeffioient  of  PijvlD  integral,  we  obtain 

k,,  k3)dkadks 


y,.  yoK(y^  + y,,  , ...(19) 

the  integrals  being  equal  by  (15),  and  by  Fourier's  integral  theorem. 

The  inner  integral  in  (19)  is  often  written  where  (Taylor's 
"Macro-soale  of  turbulenoc" , or  oorrolation  radius)  is  a measure  of  the 
width  in  the  xi  - dirootion  of  the  energy-bearing  eddies  at  the  point  y. 

In  terms  of  this  length,  the  rate  at  whioh  energy  is  soattered  from  w^t 
volume  of  turbulenoe.  by  an  incident  wave  in  the  Xi-  direction  with  inieneity  I, 
and  with  wavs -number  k large  oompared  with  those  of  the  energy-bearing 
eddies,  is’*' 

vj® 

P.  = — . ...  (20) 

B • 1 2 

a 

The  quantitative  significance  of  this  result,  as  of  the  others  in  this  section, 
will  be  discussed  in  §4. 

A similar  result  without  the  restriction  on  the  size  of  x can  be 
obtained  in  a useful  form  only  in  the  special  case  of  homogeneous  isotropic 
turbulence.  For  homogeneous  turbulence  the  covariance  in  (15)  depends  only 
on  the  relative  position  of  ^ and  and  it  is  usually  written 

The  spectral  tensor  is  then  defined  (Batchelor  19A9)  as 

“ ■■■  ' •••(22) 

8^  ' 


2x1  f 

■•  ' -:yU 


» ,00  .00 


V h 


>00 


Evidently  the  spectral  tensor  used  above  in  the  general  cose , namely 
p..(k)j  has  the  value  ^Tj^j(k)  per  unit  volume  of  homogeneous  turbulenoe, 
where  ffL  signifies  "real  part  of". 


Now  in  isotropic  turbulenoe  r^*(^)  is  purely  real,  and  is 
expiwesible  uniquely  in  terms  of  the  spectrum  B(k)  of  the  turbulent  energy 
(per  unit  sms)  with  respect  to  the  soalar  wave-number  k.  In  foot 


rij(i) 


B(k)  . 
Vxk 


.••(23) 


Thus  the  intensity  of  soattered  sound  per  unit  volums  of  turbulenoe,  by 
(14)  with  fij(i)  replaced  by  (2J),  is 


...(24) 

Agedj/ 


Small  letters  (p.  and  1.)  will  be  used  for  the  per  unit  volume  of 

turbulenoe,  of  tte  scattered  power  and. Intensity  P*  and  Ig. 
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Again  writing  6 for  tha  angle  between  the  direct  ions  of  inoidenoe  and 
enisaion,  eo  that  ■ x oos  d and  k ie  given  by  (17}>  and  by 
(13}  ■ *<(1  'OOB  e),  one  deduces  from  (2A)  that 

00/  0 oot*(^B) 

ia~  — E(2 ((  sinje)  . ..,(25) 

8a* 


Tha  form  of  the  term  e(2^  sinjO)  in  (25)  makes  olear  onoe  more 
points  (1),  (11)  and  (lli)  above  ounoemlng  the  direction  of  scattering. 

The  cceff ioiant  oos*  6 oxamplifios  the  general  sresult  concerning  a minimum 
at  90°.  The  coefficient  col?  (^6)  indicates,  as  a oonsequenoe  of  the 
special  assumption  of  isotropy,  a further  minimum  at  I8O*.  It  does  not 
however  invalidate  the  conclusion  that  ig-sO  as  0->O  because  as  is 
well  known  E(k)  s O(k^)  as  k-»0. 


Integrating  (25)  over  a large  sphere  with  oentxe  x ■ 0 we 
deduce  the  rate  at  which  energy  is  scattered  from  unit  volume  of  isotropic 
turbulence  as 


Xl«*  (% 

/ oos*  6 ooi?(  Je)  E(2(f  sin  ^6)  sinede 

ta*  i ^ 


j o 

xl**  S.K  E(k)  / k\ 
mmm  I mmmm  JCf  ^ ] dlC  p 

a*  Jo  k \kJ 


where 


M(x)  . (1  -ix*)*(l  -i**)  . . 


...(26) 


...(27) 


It  should  be  noticed  that  when  k is  such  larger  than  the  values  of  k for 
which  E(k)  is  significant  formula  (26)  becomes 


Ps 


xl^  ^E(k) 

1 dk  , 

a*  .'o  k 


..,(28) 


Which  agrees  with  (20) 


L a 

t 


in  view  of  the  known  formula  for  isotropic  turbulenoe 


the  average  in  (29)  being  weighted  with  respect  to  the  energy  spectrum. 


The  function  M(  V»f) , which  is  plotted  in  Pig.  2 in  its  range 
0 <k/(f  <2,  signifies  the  ratio  of  the  energy  soattered  by  an  oddy  to  the 
onorcuF  •oattorod  according  to  the  foonulft  which  hold#  for  ^ 

(i.o.  small  k/*c).  Of  oourso  no  energy  is  soattered  by  eddies  with 
k/s  > 2.  and  fig.  2 maloss  it  clear  that  a not  too  poor  approxlaation  would 
be  to  say  «iat  ediles  with  k < moke  their  full  contribution  to  p^, 
naatly 


iJ<^(k) 


• • • 


(30) 


per  unit  wavw-number,  and  eddies  with  k >«  do  not  scatter  at  all. 


for/ 


that  ~ *°"®“  i®  eoaily  seen 

directly  to  Byntheaize  the 
inteMlty  field  of  the  scattered  energy.  In  otler  words  the  enority 

*ones  ®ay  be  added,  since  the  ooSesponding 
uncorrolato^  For  the  covariance  of  two  fields  like 
UO;  with  ^fferent  values  of  « takes  the  form  (11)  with  different  values 
oceinos.  The  mean  product  of  the  two  oosines  is  then 

! * .XU  ^ “ino®  different  k or  of  a 

Sine  with  a cosine  even  with  the  some  k , 


Thu  if  the  incident  wave  has  the  intensity  spectrum  l(*) 
(with  resp>eot  to  wavoj^nut&or ) , then 


(i)  if  the  values  of  k 
the  wave-numbers  of  the  main 


for  which  l(«)  is  biggest  exceed  considerably 
energy-bearing  eddies. 


v'» 

Pa  f 2I4---  / l(/f)d<;  ...(31) 


while,  for  isotropic  turbulence,  without  other  restriction, 

X f2j(  E(k)  k 

Pa  * -- f k*L(k)&(I  ii  . dk  . ...(32) 

.0  . o ^ 

To  close  this  section  it  may  be  noted  that,  while  to  a first 
approximation  the  scattered  sound  has  the  same  frequency  n = ko/2h 
as  the  incident  wave,  a slight  spread  in  the  frequency  of  the  scattered 
sound  nay  be  predicted  if  the  analysis  is  obsereed  more  closely.  For  the 
frequencies  in  the  scattered  sound  must  be  those  in  the  quadrupole  field 
(8),  and  these  consist  of  sums  and  differences  of  n and  the  frequencies 
of  fluctuation  of  vj  at  a point.  Thus  the  degree  of  spread  would  bo  a 
measure  of  the  typical  frequencies  with  which  the  turbulent  velocities  in 
the  energy-bearing  eddies  fluctuate.  It  corresponds,  of  course,  to  nothing 
more  than  the  "fading”  which  has  been  already  discussed  in  §1 , 


h-  Sonp  Quantitative  Conclusions  from  the  Theory  for  Harmonic  Saves. 

If  the  v/ave length  /\  = 2k/ k of  the  incident  sound  is  smaller 
than  the  macro-scale  of  turbulence  L,^,  then  by  (29)  x will  exceed  by 
8 

a factor  of  at  least  - an  average  value  of  k for  the  energy-bearing 

eddies.  Hence  formula  (20)  should  be  a reasonable  approxiJBation,  at  least 
according  to  the  indications  of  (26).  Then  the  attenuation  due  to 
scattering,  that  is  the  proportion  of  the  energy  of  the  incident  wave  which 
is  scattered  in  travoUi^  through  the  turbulence  for  unit  distance,  is 


8 


8t<®Li  ^ 


(33) 


and  the  attenuation  per  wavelength,  duo  to  scattering,  is 


SA- 


A a® 


ess 


(34) 


This  nay  be  ooagpsred,  for  exaavle,  with  the  ssvxiimui  attenuation  per 
wavsleiv^  due  to  swleoulor  causes,  which  (Xhoser  193S.  Khudsen  1935,  and 

references/ 
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roferenooB  tharo  given)  is  0.002  for  air  at  20®C.  (being  attained  at  a 
frequenoy  vhioh  depends  oritioally  on  the  oonoontration  of  iopuritioB), 

Since  has  beonjpresunod  to  oxaeed  /\,  the  expresBion  (31*.)  will  certainly 

exeeod  0;002  if  (^“)4  > 0,005a  » 1.7B>/seo. , which  is  a fairly  modest 
value. 

However  the  acattorod  energy  does  not  oonrplotoly  disappear,  but 
merely  adopts  a new  direction  of  propagation.  This  suggests  an  attempt 
to  consider  what  will  happen  to  a plane  or  sphorioal  wave  on  travelling  some 
distanoe  through  turbulent  fluid,  and  in  particular  to  find  the  distribution 
of  direction  of  propagation  of  t»»  sound,  resulting  from  jmiltiple  successive 
soatterings. 

To  aohieve  this  let  ^A,e)  sin  0de  denote  the  probability  that 
after  n soatterings  the  dlreoti<^  Trill  make  on  angle  between  6 and 
6 + dd  with  the  initial  direction.**  Then  if  a relatively  large  number 
of  scatterings  at  relatively  small  angles  u are  Involved  it  moy  be  shown 
that  p satisfies  approximately  the  partial  differential  equation  (of 
diffusion) 


3P 
a n 


Here  7 denotes  the  mean  square  deviation  at  eooh  soattering. 
of  (35)  such  that  the  dlreotlon  is  initially  9 s 0 is 


...(35) 


The  solution 


p » 2 (2m  ♦ l)P„(oos  e)p"io°Vmfl)n  . 

BtsO 


Note  that,  as  n-poj,  ph1,  oorresponding  to  a uniform  directional 
distribution  after  on  infinite  number  of  soatterings. 


Now  when  the  sound  travels  a dl.rtanoo  I , noleoular  and  spberioal 
attenuation  will  reduce  its  Intensity,  but  of  what  energy  remains  a proportion 
independent  of  thoee  effoots,  namely 


(91)” 

nt 


...(37) 


(Poleeon*  s distribution) , will  have  beon  soatterod  n times.  Summing  the 
produot  of  (36)  and  (37)  from  n a 0 to  cj,  we  obtain  the  distribution  of 
dlreotlon  after  propagation  throuf^  a distance  I os 


pa  £ (2m+  l)P,(ooe  e)exp(-  pi(l  - p-Wjw-1  )w^)  ] 

mao 

at*  3ooe  9 exp[-pi(l  - ♦ ...  . ...(38) 

It  if  seen  that  If  is  small  thsn  the  dlreotional 

distribution  tends  to  uniformity*  m I inoreasss,  with  a logarithmio 
deorsmsnt 


>*  Itas  fsotor  ^ sin  d has  been  inserted  to  ensure  that  for  a unifosm 
dirsotional  distribution  pal. 
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,7 . i/y^ 


2nc*  sin  dd6  . 


For  homogeneous  isotropio  turbulence  this  booomos,  by  (25), 

fT. 

— / e*oo6*  0 oot*(^)E(2  (fsin  fe)  sin  0d0 

8#.'o 

n »2«(  /lew 

« — / l®(k)N{-)aic  , 

2eP  I Q V' 

where 


...(39) 


...(1*0) 


N(x)  = (1  - ^)Ml  -ix»)(sin"^^)V(^)»  . ...(M) 

The  function  N(x),  vrhioh  is  plotted  in  Pig.  3,  is  very  like  ll(x) 

(Pig.  2),  and  in  praotioe  an  adequate  approximation  to  (itO)  may  bo  to 
replaoe  N by  1 and  the  range  of  integration  by  (0,k),  For  very  small 
wavelengths  A.  smaller  even  than  the  mdoro^soa^  of  turbulence  the 
expression  (itO)  beoomss 


a 


— / ■ l<E(k)dk  . 


...(42) 


This  integral  involves  some  of  tlxi  energy-dissipating  eddies  ds  well  as 
sooo  of  t^  energy-bearing  eddies,  and  would  bo  in  proctloo  rather  loss  than 


E(k)dk/  k“E(k)dk  ^ 


15  (v^'*  )*  1 7 


Taking  it  as  2v^^  /X  , we  obtain 

3 ^ 


...(43) 


. . • ( 44) 


as  the  logorithmio  dooronent  of  the  directional  distribution.  By  (^) 
the  distribution  will  be  uniform  to  within  1 db  when  I times  (44)  is 


logp[3/(l  -10-®“)]  h 3,  i.«.,.  when 

a® 

I ? Xz=r 


...(45) 


In  words,  sound  of  wavelength  less  than  the  mloro-soale  X of 
the  turbulence  should  beoorao  direotlonally  random  in  a distance  of  order  X 
divided  by  the  naan  square  Uooh  number  of  the  turbulenoo.  (This  is  tho 
distance  in  whioh  the  ppraoess  beoomss  compete , but  evidently  very 
considerable  ohangos  of  direction  would  ooour  in  even  a ten'^  of  this 
distance.) 

atterina  of  an  ■Aooustlo  Pulse. 


For  tho  scattering  of  a pulse  it  would  pezhaps  be  reasonable  to 
sssums  without  further  discussion  that,  as  stated  in  the  directional 
distribution  of  soettered  energy  per  unit  area,  os  a stoohostio  mean,  is 
related  to  ttw  speotrum  of  the  inoident  pulso' s energy  oxaotly  os  in  §3 


- Mt. 


ths  distribution  of 


was  found  to  be  related  to  the  spootrum  of 


the  Inoldent  wave's  Intensity.  Howevor  a brief  doduotlon  of  this  result 
from,  the  basic  prlnoiplos  of  §2  will  bo  given. 


for  a piano  pulse  In  which 

Vj.  = af(x^  - at)6jj  , 

ths  radiation  field  (9)  of  tho  scattering  quodrupolos  (3)  Is'' 


• • • (46) 


P - Po~  * I * - z|  - , ...(V7) 

2na  X J ' \ ft  / 

provided  that,  as  assumed  (for  the  wave)  In  §3,  the  tine -scale  of  tho  pulse 
Is  snail  oompared  with  typioal  tlne-spales  of  the  turbulence. 

Ncn  energy  orosses  unit  area  at  a distant  point  ]c  at  a rate 
(P(p  > fnT/p  VOT  unit  time.  This  oon  be  written  as  a double  intogral 

p-a  XiXjx*  , 

Hi “ 2.1  ' + li‘ 

Imi  X*  J 

v[|pt  - ~ — •'^^dyda  . ...(Jf8) 

A stoohastlo  mean  of  (l^S)  Is  now  token,  In  the  sense  desorlbod 
in  S1 } this  Involves  putting  a bar  over  the  product  vVv*  . The  resulting 
oovarianoo  may  then  be  approximated  as  a simultaneous  oovwianoe 

vj^(j^)v!|(5) , exactly  the  same  reasons  as  in  §3- 

Next  this  oean  rate  at  which  energy  orosses  unit  area  at  x 
Is  Integrated  with  respoot  to  time,  to  obtain  the  mean  total  soatterod 
energy  Gg  whloh  crosses  unit  area  at  x^  in  the  form 

G,  ■ J f 0(s)vJ^(£)v!|(£)djjds  , ...(W) 


where 


• ■ - *4  ♦ U-  Z.I  “ I*  - ll  > ^3;  " 


...(50) 


and 


. C(s)  a f f"(r)f"(.'  ♦ s)ar. 

-©O 


...(51) 


But  C(s)  oan  be  written  In  toms  of  the  energy  speotrum 
of  £ If  f(r)  be  written  as  a Fourier  Intefpol 


f(r) 


...(52) 

theiv^ 


" The  author  hopes  to  be  forgiven  for  an  anomaly  of  notation  (difficult 
to  avoid  where  random  funotlons  are  treated)  thxoutfiout  the  next  two 
pafss  wkMTsbgr  prlmse  attoohod  to  v's  signify  doportures  from  the  neon, 
end  prlnes  attached  to  f ' s mean  differentiation. 
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then  the  totel  exiergy  of  the  pulae  (per  unit  ax^a)  Is 


• 03  M 

P-a*/  f^(r)elr  a 4^p  a*f  P( «)P(-»f)d(f  , .••(53) 

J ° o 


and  henoe 


4i;p„a*p(K)P(-(c) 


...(5i^) 


is  the  spectrum  of  its  total  energy  per  unit  area  per  unit  wave-number. 
But  by  (51)  and  (52) 


0(.)  (J“ 

pi  ^ J,  •••(55) 

= 2J  K*r{  !()?{•  K)p^'^*diK  - — G( 'f)oos  «sd(f  . 

J-03  Poa/^ 

Inserting  (55)  in  (A-9).  and  recalling  the  definitions  (13)  of  ^ 
and  (15)  of  Pij(kJ,  we  obtain  the  result 

5.  . ro(.)al!!i  J . ...(56) 

.L  i X 


Pil(fe) 


..•(56) 


Coaparing  this  with  (lif)  we  obtain  the  principle  enunciated  at  the 
beginning  of  this  section. 

This  principle  makes  it  possible  to  take  over  the  whole  of 
the  rest  of  the  theory  without  further  labour.  The  general  oonolusions 
about  direotional  distribution,  and  its  dependence  on  the  ratio  of  typical 
wave -numbers  in  the  pulse  and  in  the  turbulence,  are  unaltered. 

In  particular,  when  the  wave-numbers  containing  most  of  the  pulse 
energy  are  large  compared  with  those  containing  most  of  the  turbulent 
energy,  then  most  of  the  scattered  energy  is  emitted  at  a s^ll  Mgle  to 
the  incident  energy.  Further  the  total  energy  Og  so  emitted  from  unit 
volume  of  the  turbulence’*,  by  (20),  is 


2L^\r H^G(K)dK  » 2L^PoVi»f"f“(r)dr  . 

a J Q •I'x) 


...(57) 


The  form  of  (57),  the  principal  result  for  an  acoustic  pulae, 
makes  clear  how  the  energy  scattered  from  a pulse  of  given  energy  increases 
as  its  length  is  diminished.  In  the  limiting  case  of  a pulse  containing  a 
discontinuity  in  pressure  (the  idealization  of  a shook  wave)  it  is  evident 
from  both  expressions  in  (57)  that  eg  beoooes  finite.  In  1*e  case  (rf 
the  first  expression  this  is  booauso,  if  f is  discontinuous,  &(k)  is  at 
leasT^order  * as  ' « ->  00,  aikl  in  fact  if  f has  only  a single 
discontinuity,  of  amount  e, 


0(»f)~ 


py** 


...(58) 


(Note/ 


>*  Here  as  in  |3,  small  letters  (e^  and  g^)  will  be  used  for  the  values, 
pe?”it“olSil  of  turbulence,  of  the  total  energy  scattered  Eg  and  tne 
energy  which  crosses  unit  area  at  a point  Gg. 
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(Note  that,  alnoe  (57)  was  based  on  the  approximation  that  k is  largg, 
the  use  of  that  approximation  oannot  Itself  be  the  oause  of  the  iniejpal 
being  infinite. ) 

The  predicted  infinity  in  the  total  energy  soattored  oan  be 
illuminated  by  a study  of  its  directional  distribution,  although  this  is 
possible  only  for  homogeneous  Isotroplo  turbulenoo.  In  this  case  the  total 
energy  g^  per  unit  area,  scattered  from  unit  volume  turbulence  at  an 
angle  d^to  the  direotion  of  the  incident  pulse,  by  equation  (25)  of  §3,  ia 


oo8*e  oot*(^8)  fOCi 

gg  s / <f*G(«)E(2<  sinire)dx, 

8a  X 


and  the  contribution  to  this  from  a shook  vrave,  by  (58),  ie 
pQa*e*  cos*e  cot* (76)  |v'*  e»  .3  — yv  oos®e  cos®(5e) 

______  - s I ~PqV*  \ , 

X 8a*x*  2 sin^0  \2  ^ / sin®(^e) 


...(59) 


...(60) 


This  beoones  large  so  rapidly  as  6 ->  0 that  its  integral  eg  over  a large 
sptore  is  infinite,  in  agreement  with  the  result  obtained  above. 

6.  Scattering  of  a Weak  Shock  Wave 


To  get  over  the  difficulty  Just  mentioned,  that  a pulse  with 
discontinuities  in  velocity  produces  according  to  the  theory  on  infinite 
amount  of  scattered  energy,  consider  now  a single  plane  shook  wave,  at  which 
the  change  in  velocity  is  incident  upon  turbulence.  To  aocord  with 

the  assumptions  of  §2,  e must  be  snail,  that  is,  the  shook  must  be  weak. 

To  seek  to  inq)rove  the  theory,  and  reniove  the  infinity,  by  calling 
in  to  account  the  finite  thickness  of  the  shock  wave,  would  leave  eg  still 
very  large  indeed.  And  it  will  be  seen  below  that  there  is  another 
mechanism  in  operation  which  outs  off  the  largo  wave -number  components  in 
the  shook  wave  spectrum  (as  far  as  their  effect  on  scattering  is  ooncem^/ 
at  a lower  level  than  is  achieved  by  the  internal  structure  of  the  shook 
wave. 

The  true  cause  of  the  theoretical  infinite  enerw  scattered 
straight  ahead  is  in  the  perfect  resonance  (mentioned  in  gl)  assumed  tween 
pulses  emitted  in  this  direction;  and  this  is  really  absent  booai«e  ^ Shook 
speed  is  not  that  of  sound,  but  is  supersonio  relative  to  the  fluid  ahead 

and  subsonio  relative  to  the  fluid  behind. , Sinoo  (for  this  rewon;  the 

soattered  energy  must  remain  behind  the  shook,  let  a signify  the  speed  of 
in  ^s  region;  then  the  shook  speed  is  v(1  + a;,  where 


f-tfr 


e I > - 1 F 


...(61) 


gnd  y i»  the  ratio  of  the  speoifio  heats. 

The  velocity  distribution  resulting  frc»  the  shook  wave  is 


therefore 


Vj  a ea  H [ - (1  ♦ a)xi  + at]  5j 


...(62) 


Uhara  H sionifies  the  unit  function),  rather  than  of  the  f^  (lt.6). 
£5^er  L iSiSItlon  of  (l  ♦ o)*a  - at  for  - at  in  (i^)  only 

very  slight  differenoes  in  the  subsequent  work;  these  are  as  follcws. 


§ 
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In  (47)  and  (48),  (1  + a)y-  replaoes  ; in  (48),  (l  +.a’)*^  raplaoes 
*f  Henoe,  In  the  definition  (50)  of  a,  (1  + a)(y  “ a.)  roplaoea 
(yi  “ *1)1  and  finally  (56)  ia  eorroot  provided  that^  ^ la  given  the  new 
definition 


ki  a k(~-  - (1  + • ...(63) 

Prom  this,  as  in  § §3  and  5,  the  value  of  S-  integrated  over  a 
large  s];toro  (i.e.  the  total  scattered  onerQr)  v;ill  be  found  first,  fcr 
general  turbulonoe,  and  socondly  the  directional  distribution  of  Gg  for 
homogeneous  isotropic  turbulence  vill  be  obtained. 

Since  g(«)  is  of  order  /e"*  for  large  k it  appears  from  (56) 
that  the  largest  contribution  to  Gg  will  be  from  wave-numbers  k large 
comparedwLth  those  of  the  energy-bearing  eddies.  Accordingly  the  integral 
of  the  term  in  square  brackets  in  (5^),  over  a sphere  of  radius  x and  centre 
the  origin,  is  now  found  under  this  condition,  follov/ing  closely  the  method 
in  §3.  By  (63)  the  integral  is  the  same  as  tiros  ti^  integral  over 

a largo  sphere  in  k-space  with  centre  (1  + a),  0,  O)  and  radius  k. 

If,  as  has  been  assumed,  the  integrand  is  significant  only  when  k is  such 
smaller  than  k,  then  the  only  significant  part  of  the  sphere  is  approximately 
part  of  the  plane  k^  a - xa..  Tho  integral  is  therefore  approximately 


(compare  (18)  of  |3)» 

Substituting  (64)  for  the  term  in  square  brackets  in  (56),  and  using 
the  form  (58)  for  G(  «c),  which  is  exact  for  thealsiple  plane  shook  wave  here 
considered,  we  deduce  that 


jx  too  f ~ 

Es  = 2po6|  dxj  / 


...(65) 


Since  the  integral  of  P,.  over  the  whole  of  wave  numter  space  is  vl  , 
per  unit  volume  of  turbulenoe,  equation  (65)  may  be  written  ae 


€»  W ^ 

a.  = = :^Pov' 

a y + 1 


...(66) 


where  (61)  has  been  used  to  show  that  in  tho  case  of  a shook  wave  the 

soitt^red  depei^s  on  tho  first  pexv^  of  "^huSioS^to 

second  as  for  continuous  waves.  It  may  bo  "horo  ttot 

(56)  from  wave -numbers  k »»t  largo  ooopwd  with  «»•«  with 

baring  eddies,  which  has  boon  neglected  in  the  above,  is  small  compared  with 

(66)  at  least  by  a factor  0(e). 

Since,  in  terms  of  the  "strength"  s » Ai/p 

c k s/y,  and  since  tho  turbulent  energy  per  unit  volume  is  approxlinatoly 
2 Po^l* » energy  scattered  is  approximately  a fraction 


8s 

3v(y  ♦ i) 


0.8s 


(for  air) 


...(67) 


of/ 
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of  t)w  IdJMtlo  energy  of  the  turbulenoe  traversed  ty  the  shook.  The  reader 
la  reminded  that  this  formula  has  been  obtained  on  the  assumption  that  s 
Is  small. 


Next  the  directional  distribution  of  the  soattered  energy  6-  per 
wit  aMa  will  be  found,  In  the  case  of  homogeneous  Isotroplo  turbulense. 
znsn  (5b)  beoomss  (oomparo  (24)  of  §3) 


es 


2a*  x"  k"  I x/ 


..(68) 


Writing  as  usual  e for  the  angle  between  the  direction  of  eailsslon  and 
that  of  ths  Incident  shook,  we  have  by  (63) 

k » 2«{(1  + a)  sln*(^e)  + . ...(69) 


In  (69)  the  factor  (1  ♦ a)  Is  relative^  unimportant,  but  the  term 
is  essential  because  It  porevents  the  k In  the  denominator  of  (0)  from 
vanishing  as  e 0.  leaving  only  the  latter  in,  we  find  after  some 
reduotlon  that 


/; 


G(  K)dK 


ooB*0  sin* 9 


2a*x*  l6(sin*(io)  + ia  f 


E(2<f(sln*(i9)  + ia*)^) 


• ...(70) 


Substituting  for  G('f)  in  (70)  from  (58),  we  deduce  that 

e*  a — - 008*6  sin* 9 

“ rr"ja”  — ""aCs  * 

(sin  (jO)  + ^ )e 


...(71) 


This  may  be  compered  with  the  value  (60)  (its  limit  as  a '4>  O)  obtained 
by  neglecting  the  difference  between  the  speed  of  the  shock  and  that  of 
sound.  8y  contrast  (?1 ) has  a finite  integral  over  the  sj^gg^  snd  the 
verification  that  (assuming  a small)  this  integral  la  ®/a,  as  In 

(66),  Is  straightforward. 


It  should  now  be  observed  tltat  (see  |l)  energy  soattered  at  a 
suffielently  small  angle  9 will  almost  immediately  catch  up  with  the 
shook.  Ths  oondltlon  for  this  is  that  the  oomponent,  a cos  9,  of  Its 
velooitiy  in  ths  direction  of  stotlon  of  the  shook,  shall  exooed  the  shook 
speed  s/(l  4'  a).  In  other  words  that 

9 < seo”^(l  + a)  f y/(2a)  . ...(72) 


Henoo  the  soattered  energy  whioh  does  ijot  run  into  the  shook  Is  the 
Integral  of  (71 ) over  a sp^e  of  radius  x with  the  oonloal  region  (72) 
sinoe  if  9 >v(2a)  the  ^ in  the  denominator  in  (71 ) 
mgr  bo  nsgleoted,  as  In  (60),  this  fre^  soattered  energy  is 


®fs 


( } V."/ 


X 

soo"*(l+o) 


oos*9  00s*  (^) 
sln*(io) 


■ 4e*(yPc,v‘*)2.83o"i  - 8.2?  ♦ lOa^  , 


...(73) 


where  three  tesae  ia  the  expeaeion  for  smell  a are  given  booause  the 
ooeffloleiite  inltiilly  inorease.  In  terms  of  the  strength  s,  the  froely 


soettoreV 
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scattered  energy  Is  a fraction 

0.7al  - 1.0s*  + 0.7s9  ...(74) 

of  the  kinetlo  onertgr  of  the  turbulonoo  travorsod  by  tho  shook  wavo.  Tho 
fractions  (67)  and  (74)  for  scattered  and  freely  soatteirod  onorgy  are 
tabiaatod  in  Table  1. 

Tabic  1 


s 

Scattered 

Preoly  scattered 

0.05 

0.04 

0.006 

0.1 

0.08 

0. 014 

0.15 

0.12 

0.024 

0.2 

0.16 

0.035 

0.25 

0. 20 

0.047 

0.3 

0.24 

0.060 

Tho  fate  of  the  energy,  which  instead  of  being  "freely  soattcrod" 
is  scattered  at  such  an  angle  that  it  runs  into  the  shock,  has  boon 
discussed  already  in  §1}  it  is  probably  mostly  absorbed  by  the  shock. 

A rcugh  estimate  of  tho  distance  it  travels,  on  the  average,  before  running 
into  tho  shock,  is  the  length-scale  of  an  energy-bearing  eddy.  Per 
evidently  the  square  bracket  in  (70)  is  largest  when  k<x  is  equal  to  tho 
wave-number  k of  such  an  eddy.*  Hence  an  average  of  the  "effective 
wavelength"  of  tho  shock,  is  of  order  ak”‘  , and  pulsos  may  bo  supposed 
to  originate  about  this  distance  behind  tho  shook.  Since  their  speed 
exceeds  that  of  the  shook  by  a factor  1 + a,  the  distance  travelled 
before  catching  up  with  it  is  of  ordor  k"^ . 

A similao:  argument  can  bo  used  to  indicate  the  frequency  spectrum 
of  the  freely  scattered  sound.  Since  oon^nents  with  wave-number  k in 
(70)  are  expected  to  produce  sound  with  tho  same  wave -number,  it  is  seen 
that  the  wave-nusiber  spectrum  of  the  freely  scattered  sound  should  reproduce, 
roughly,  that  of  tho  turbulence,  but  with  the  wwo -numbers  scaled  up  by 
a factor  i ooseo  (^6),  which  varies  from  (2a)  *7  to  ^ in  the  range 
of  directions  of  the  freely  scattered  sound.  (To  obtain  the  frequency 
spectrum,  one  must  insert  tho  additional  soaling-up  factor  V^^). 


References 


* It  is  evident  from  tiiis,  or  oven  more  clearly  from  (64),  that  tho 
effeotlve  spectrum  of  tho  short  outs  off  at  a"*  times  the  wave -number  at 
whioh  the  spectrum  of  tho  turbulent  energy  does,  say  at  5/aI^.  'W'o. 

interval  structure  of  tho  shock  wave  introduoos  its  out-uff  at  about 
^c^v,  so  that  if  « > 4v(‘'/sl*i),  s very  small  value  indeed,  the  latter 
will  beuam^ortant. 
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Appendix 

It  nem  pointed  out  in  |2  that  ainoe  the  expresalon 

Po(v'Vj  + , ...(75) 

vhloh  is  a first  approximation  to  the  strength  per  unit  volume  of  the 
scattering  quadrupoles , is  unoorrelated  with  the  incident  wave  V. , the 
intensity  fields  of  the  two  can  bo  added.  That  of  (75)  1*  of  ord» 
v*V*  for  small  v/a  and  V/a. 


However  there  may  be  terms  of  smaller  order  in  the  scattering 
qjuadrupole  strength  density,  namely  terms  of  order  v’V,  which  are 
oorrolated  with  the  Incident  wave,  and  the  oovorlanoe  of  their  field  with 
tbs  incident  wave  may  provide  contributions  to  the  intensity  field  of  the 
same  order  as  the  intensity  field  of  (75). 

Such  higher  order  terms  will  arise  is  the  velooity  field  departs 
from  V.  + as  a result  of  interactions  between  the  sound  and  the 
turbulence.  Vfhen  the  wavelength  is  small  oompared  with  the  slse  of  the 

energy-bearing  eddies,  one  stay  ostijaate  this  departure  by  means  of 
geowtrloal  optics  to  consist  principally  of  a phase  change  in 
resulting  from  oonveotion  by  the  turbulent  velooity  field. 


As  a result  of  such  oonveotion  a wave,  whioh  at  the  station 
was  plane  and  of  the  form  (6)  would  become 


■ ea  00s 


'ii* 


...,(76) 


the  fluotuating  part  of  the  phase  change,  namely 


•••(77) 

0 


has/ 
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hM  •tandard  deviation  approxlnatelo^ 


Il(vJ»)^(2L^(x^  - Xq))^  . 


...(78) 


Over  a distance  x^  - Xq  of  a few  eddy-sizes  (?8)  will  be  small,  even 
though  kL^  has  been  assumed  large,  if  the  root  meansiluare  Maoh  number  of 
the  turbulence  is  small  enough.  (Note  that  to  find  what  happens  as  the 
wave  crosses  a region  which  is  a few  oddy-sizes  broad,  one  can  imagine 
the  wave  as  it  enters  the  region  split  into  plane  harmonic  waves,  and 
treat  each  separately,  as  was  shown  to  be  permissible  in  §3.) 

In  consequence  (75)  is  a valid  first  approximation  to  the  quadrupole 
strength  density  and  a second  one  is  obtained  by  substituting  (78)  for 
therein.  This  second  approximation  will  differ  from  the  first  by 
approximately 


e(fsln[(f(x^  - at)]({jiV*  + Vi<ix^ 

J *o 


...(79) 


The  radiation  field  of  this  extra  quadrupole  distribution,  by  (9),  is 

p-  Po-.  - ^ ‘ (v'i/^Xdyi)d3r....(80) 

The  intensity  field,  for  large  x,  resulting  from  the  interaction 
of  (8o)  with  the  incident  wave 


p - p^  = Pq  eoos[«(Xj  • at)]  , ...(8l) 

is  twice  their  covariance,  multiplied  by  a® /Pq,  namely 

How  expression  (82)  is  negligible  except  at  points  x for  which  typical 
values  of  X - V and  X - X are  small  compared  with  x^  - y^ . 
pS  at  other®poii\s  the  sino  term  fluctuates 

net  oontribution  from  all  points  y in  J*  ^ 

sero.  In  consequence  one  may  replace  xivj^  by  x^v^,  and  then  put 


...(83) 


Hote  that  equation  (83)  is  correct  indepondoitly 
provided  that  this  is  loss  than  about  y^  - ZL^.  It  is 

£iges  produced  by  the  actual  eddies  pontaintog  ^ 

local  turbulent  velocity  at  ilw^oint,  and  wnioh  contribute  to 

the  intensity  field  (82). 

Henoe  the  intensity  turbulence,  due 

to  the  seoond  order  terms  in  the  quadrupole  strength,  is 


P«ae*s**v'*L  X* 

4 . - Sin  <f(x  - xj  , 

^ 2x  * 


...(8J^) 


- 22  - 


wd  the  oontrlbutlone  of  different  parte  of  the  turbulenoe  are  expeoted  to 
oanoel  out  except  where  k(x  - x^)  la  email. 

To  deduoe  the  oontrltautlon  to  the  total  energy  p^  radiated  per 
unit  tine,  one  must  Integrate  (80  over  a large  ephere  of  radlue  x,  and 
taka  the  mean  over  all  large  values  of  ktc.  Now  the  mean  Integral,  In  this 
•eaae,  of  (aj/x*)  elniKx  “*P»  ie 


2ex  / ooe^d  aln[i«e(l  - ooa  d)  eln  6d0 


.,.(85) 


aa  a partial  integration  of  sln[«(l  - ooe  e)]  eln  Odd  ahowe. 
net  oontrlbutloB  to  pg  la 


Henoe  the 


-P^aeVv;*L, 


- 2I«*L  --- 
t a 
a 


...(86) 


Oooparlng  with  (20),  whloh  also  ie  obtained  on  the  aesungptlon  of  small 
wavelength,  one  sees  that  the  two  exactly  balanoe. 

The  energy  (86)  Is  located  principally  where  «(x  * *^)  ie 
than  about  x,  in  other  words  In  the  paraboloidal  region 


a a . 

a a 


...(87) 


Slnoe  tto  reduced  energy  lies  entirely  in  this  region  (for  which  0 0 

as  »->*)  and  the  scattered  energy  lies  entirely  outside  a cone 
0 m constant  > 0,  one  may  ocnolude  that  ultimately  they  become  quite 
separate,  and  that  (86)  represents  an  attenuation  of  the  main  wave  directly 
corresponding  to  the  scattered  energy  which  was  invbstig^ted  in  the  main 
paper. 

The  argument  given  applies  only  asymptotically,  for  sound  of  small 
wavelengths,  and  it  is  possible  that  for  a given  wavelength  the  oorrespondenoe 
between  attenuation  and  scattered  sound  may  not  be  perfectly  ex^.  But 
has  been  said  to  show  that  the  sound  wave  is  attenuated  by  an  amount 
at  least  of  the  saaw  order  of  magnitode  as  the  energy  eoattered. 
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